We quantify various possible entanglement measures for the four-particles GHZ entangled state that has been produced experimentally [C. Sackett et al, Nature 404, 256-259 (2000)].
In quantum world entangled states naturally arise due to tensor product structure of the composite Hilbert space and the linear superposition principle. This was first realized by Schrödinger as the quintessential feature of quantum mechanics that has no classical analog. With the recent advances in quantum computation and information theory quantum entanglement is in the lime light as it can do real wonders. Entangled states have been regarded as 'resources' in quantum information processing, without which many important tasks will be impossible [1] .
There is a lot of excitement about preparation of multi-particles entangled states for fundamental reasons and technological applications [2] . Following the proposal of Molmer and Sorenson [3] , recently a dramatic step in experimental realization of four ions entangled state has been taken by Sackett et al [4] . Employing laser-cooling and optical pumping techniques with 9 Be + ions, the Sackett group has produced deterministic entanglement, unlike earlier schemes based on conditional measurement (post-selection) methods which are probabilistic in nature. In the experimental setup it is aimed to produce a four-particles GHZ state
where | ↑ = |0 and | ↓ = |1 are the computational states. However, because of the presence of unavoidable decoherence the actual state produced is a mixed state of the form
where ρ incoh is the completely incoherent part [4] . The state preparation fidelity in the said experiment is F = 0.57 ± 0.02. Therefore, one can write the experimentally prepared state as a pseudo-pure state
where I is the identity matrix for four qubit system. This guarantees that F = Ψ 4 |ρ|Ψ 4 = 0.57. Here, we show that the above states are indeed non-separable and quantify various possible entanglement content of the actual pseudo-pure state produced in the experiment.
To quantify the entanglement of a multi-particle state is in general a difficult and an open question [5] [6] [7] . However, for pseudo-pure states produced in the experiment our brief communication will answer this question. Since in Sackett et al's scheme decoherence is invariably (in fact, the source of decoherence is not very well understood) present if one wants to scale their scheme it is likely that one might end up in producing a N particle pseudo-pure ionic state. We quantify the amount of entanglement present for N-particle pseudo-pure ionic state when it is not separable. The N-particle pseudo-pure ionic state can be written as
with ǫ being the purity parameter, I is the identity operator in 2 N -dimensional Hilbert space and
Notice that after tracing out any (N − 1) ions from the pure state component the reduced density matrix of the last ion is
. It has degenerate eigenvalues equal to 1 2 . We can write the N-particle pure state component in terms of Schmidt decomposition as
where |↑ , |↓ are orthonormal basis for (N − 1) ions and | ↑ , | ↓ are for any of the last ion [8] . With this the pseudo-pure ionic state can be expressed as
We wish the above density matrix to live in a 4-dimensional Hilbert space. Let us now project it onto the 4-dimensional subspace spanned by the set {|↑ | ↑ , |↑ | ↓ , |↓ | ↑ , |↓ | ↓ }. The resulting density matrix is given bỹ
which lives in 4-dimensional Hilbert space. This state is effectively a Werner state [9] . Now we come to quantifying the amount of entanglement present in a N-particle pseudo-pure GHZ state. The crucial observation in our method is that we can transforms any arbitrary density matrix in 2 N -dimensional Hilbert space to a one in 4-dimensional Hilbert space without increasing the entanglement content of the state. Once we know that the state lives in 4-dimensional Hilbert space we can apply the known results to quantify the entanglement of multi-particle state.
It has been argued [10] that if a density matrix lives in 4-dimensional Hilbert space then ρ has a unique decomposition given by ρ = λρ s + (1 − λ)|Ψ e Ψ e |. The entanglement of such a density matrix is given by
where E(|Ψ e ) is the von Neumann entropy of the entangled pure state component. We can compare our multi-ion density matrix after local projection as given by (7), which can be expressed asρ
where [15] ). When we know that the state is not separable we can define the entanglement measure for N-particle pseudo-pure GHZ state. To know if ρ is separable or not we can apply the fidelity criterion [11, 12] . This says that the state is separable if F = Ψ(−)|ρ|Ψ(−) ≤ 1 2 otherwise non-separable. Using this we can derive a bound on the purity parameter above which the density matrix is fully (irrespective of partitioning) non-separable. Since local projection onto a subspace cannot create entanglement, it follows that if the original unprojected state (6) is non-separable we must have ǫ > 1 1+2 N−1 . Similar bounds have been obtained by other method for arguing the absence of entanglement in NMR quantum computation [13] . In particular, this kind of bound has been also used to prove the absence of entanglement while implementing Grover's algorithm on NMR quantum computers [14] . When we have four ions, a pseudo-pure state is non-separable if ǫ > 0.11111. Since in the Sackett et al's experiment the value of ǫ is 0.54 it is clearly non-separable. Though the produced state is not an ideal GHZ state it has some amount of entanglement. Therefore, it is important to know how much entanglement could be there in such a state.
From (8) we can say the N-particle pseudo-pure ionic state has at least an amount entanglement is given by
where E(|Ψ(−) ) is the entanglement of the pure N particle ionic state. The multiplication factor in the above expression is due to the error in preparing a pure N-particle GHZ state. Hence, the amount of entanglement deviates from actual pure state case. However, one can see that for large N, this extra factor tends to unit for all ǫ. This shows that if one can entangle more and more number of ions, then even if one is not able to produce an ideal pure N-particle GHZ state, still a pseudo-pure GHZ state will be good enough. For multi-particle systems there is no unique measure of entanglement (and it seems very unlikely that there can be one). Since entanglement is a 'resource' in quantum world, its 'measure' will be different depending on what we want to do with it and where do we want to spend it. If we consider bi-partite partitioning for N-particle GHZ state, then there are N 2 possible partitioning. In such a scenario each partitioning has a measure of entanglement log 2. Total entanglement with N/2 partitioning will be N 2 log 2. Therefore, the average entanglement content will be 1 2 log 2 which is independent of N. Thus, for four ion pseudo-pure GHZ state the amount of entanglement is
Since the purity parameter in the ion trap setup is only 0.54, this implies that amount of entanglement present in 4-particle pseudo-pure ionic GHZ state is only E(ρ) = 0.412 log 2.
If we imagine a situation that the N-particle GHZ state has been created from 2-particle GHZ state by attaching (N − 2) particle locally either by Alice or Bob and performing sequence of CNOT operations, then that will contain just log 2 ebits shared between Alice and Bob. This is because this N-particle GHZ state can be used to teleport just a single qubit. Hence, the N-particle GHZ state has an entanglement E(|Ψ(−) ) = log 2. That such a N-particle GHZ state has log 2 (if log base is 2 then it is unit) has also been obtained via a global measure of entanglement [16] . Then, in this scenario the measure of entanglement E(ρ) will be
For the experimental four-ionic state, by this measure, E(ρ) = 0.824 log 2. Let us consider the measure of entanglement of a composite system using the operator norm approach [17] . This is realized by the action of an arbitrary operator on disentangled states which generates entangled states. If A is an arbitrary operator and A ⊗ is nonentangling operator then E(A) = log
, where E(A) is a measure of entanglement and D is the set of disentangled states. In this approach it is found that the entanglement measure for N-particle GHZ state is E(|Ψ(−) ) = (N − 1) log 2. For 4-particle GHZ state produced in the experiment the amount of 'operator norm based entanglement' is then E(ρ) = 2.472 log 2.
Thus depending on the use of the quantum resource and 'measures of entanglement' used, the measures of four-particle pseudo-pure GHZ state are different. Though these measures does not exhaust all possible measures of entanglement at least answers an important open questions related to the experiment which is a leap forward in manipulating and understanding of multi-particle entanglement with trapped ions. This would help us to quantify the resource available at our disposal for future technology.
Note: This paper was written around April 2000, soon after the experimental production of 4-particle GHZ state and finalized in Benasque Science Center for Quantum Computation, June-2000, Spain. I have added only few recent references. I thank G. Kar for bringing the reference [17] to my notice. But many recent references could be missing.
